We study planar "vertex" models, which are probability measures on edge subsets of a planar graph, satisfying certain constraints at each vertex, examples including dimer model, and 1-2 model, which we will define. We express the local statistics of a large class of vertex models on a finite hexagonal lattice as a linear combination of the local statistics of dimers on the corresponding Fisher graph, with the help of a generalized holographic algorithm. Using an n × n torus to approximate the periodic infinite graph, we give an explicit integral formula for the free energy and local statistics for configurations of the vertex model on an infinite bi-periodic graph. As an example, we simulate the 1-2 model by the technique of Glauber dynamics.
Introduction
A vertex model is a graph G = (V, E) where we associate to each vertex v ∈ V a signature r v . A local configuration at a vertex v is a subset of incident edges of v. A configuration of the graph G is an edge subset of G. The signature r v at a vertex v is a function which assigns a nonnegative real number (weight) to each local configuration at v. The partition function of the vertex model is the weighted sum of configurations X ∈ {0, 1} E , where the weight of a configuration is the product of weights of local configurations, obtained by restricting the configuration at each vertex. Dimers, loop models, and random tiling models are some special examples of vertex models.
Direct computations of the partition function of a general vertex model usually require exponential time. On the other hand, using the Fisher-Kasteleyn-Temperley method [4, 5] , we can efficiently count the number of perfect matchings (dimer configurations) of a finite planar graph. The idea of generalized holographic reduction is to reduce a vertex model on a planar graph to a dimer model on another planar graph, essentially by a linear base change, see section 3. For an original version of the holographic reduction (Valiant's Algorithm), see [16] .
However, not all satisfying assignment problems can be reduced to a perfect matching problem ("realized") using the holographic algorithm. We study the realizability problem of the generalized algorithm for vertex models on the hexagonal lattice and prove that the signature of realizable models form a submanifold of positive codimension of the manifold of all signatures, see Theorem 3.6. An example of realizable models is the 1-2 model, which is a signature on the honeycomb lattice, only one or two edges allowed to be present in each local configuration, see Figure  13 , 14. The realizability problem of Valiant's algorithm is studied by Cai [2] , and the realizability problem of uniform 1-2 model (not-all-equal relation), a special 1-2 model which assigns all the configurations weight 1, under Valiant's algorithm is studied by Schwartz and Bruck [14] .
Realizable vertex models may be reduced to dimer models in more than one way, that is, using different bases. However, all the dimer models corresponding to the same vertex model are shown to be gauge equivalent, i.e. obtained from one another by a trivial reweighting.
One of the simplest vertex configuration models is a graph with the same signature at all vertices. Using the singular value decomposition, we prove that such models on a hexagonal lattice are realizable if and only if they are realizable under orthogonal base change. Moreover, the orthogonal realizability condition takes a very nice form; see section 3.2.
We compute the local statistics of realizable vertex models on a hexagonal lattice with the help of the generalized holographic reduction, i.e. for the natural probability measure, we compute the probabilities of given configurations at finitely many fixed vertices, which are proved to be computable by sums of finitely many Pfaffians, see Theorem 5.1 and Theorem 5.2.
The weak limit of probability measures of the vertex model on finite graphs are of considerable interest. Using an n×n torus to approximate the infinite periodic graph, we give an explicit integral formula for the probability of a specific local configuration at a fixed vertex, see section 6. These results follow from a study of the zeros of the characteristic polynomial, or the spectral curve, on the unit torus T 2 . For a more general result about the intersection of the spectral curve with T 2 , see [13] . For example, using our method, we compute the probability that a {001} dimer occurs and for uniform 1-2 model, and the probability that a {011} configuration occurs at a vertex for critical 1-2 model, see Examples 7.2 and 7.3.
The main result of this paper can be stated in the following theorems log P (z, w) dz iz dw iw where G n is the quotient graph G/(nZ×nZ), P (z, w) is the characteristic polynomial.
Theorem 1.2.
Assume the periodic vertex model on hexagonal lattice is realizable to the dimer model on a Fisher graph with positive, periodic edge weights, and assume the entries of the corresponding base change matrices are nonzero. Let λ n be the probability measure defined for configurations on toroidal hexagonal lattice G n . Acknowledgments The author would like to thank Richard Kenyon for stimulating discussions. The author is also grateful to David Wilson, Béatrice de Tilière and Sunil Chhita for valuable comments.
Background 2.1 Vertex Models
Let {0, 1} k denote the set of all binary sequences of length k. A vertex model is a graph G = (V, E) where we associate to each vertex v ∈ V a function r v : {0, 1} deg(v) → R + r v is called the signature of the vertex model at vertex v. We give a linear ordering on the edges adjacent to v, and we fix such an ordering around each vertex once and for all. This way the binary sequences of length deg(v) are in one-to-one correspondence with the local configurations at v. Each edge corresponds to a digit; if that edge is included in the configuration, the corresponding digit is 1, otherwise the corresponding digit is 0. Hence we can also consider r v as a column vector indexed by local configurations at v: Assume G is a finite graph. We define a probability measure with sample space the set of all configurations, Ω = {0, 1}
|E| . The probability of a specific configuration R is
The product is over all vertices. r v (R) is the weight of the local configuration obtained by restricting R to the vertex v, and S is a normalizing constant called the partition function for vertex models, defined to be
The sum is over all possible configurations of G. Now we consider a vertex model on a Z 2 -periodic planar graph G. By this we mean that G is embedded in the plane so that translations in Z 2 act by signaturepreserving isomorphisms of G. Examples of such graphs are the square and Fisher lattices, as shown in Figure 7 . Let G n be the quotient of G by the action of nZ 2 . It is a finite graph embedded into a torus. Let S n be the partition function of the vertex model on G n . The free energy of the infinite periodic vertex model G is defined to be
Perfect Matching
For more information, see [6] . A perfect matching, or a dimer cover, of a graph is a collection of edges with the property that each vertex is incident to exactly one edge. A graph is bipartite if the vertices can be 2-colored, that is, colored black and white so that black vertices are adjacent only to white vertices and vice versa.
To a weighted finite graph G = (V, E, W ), the weight W : E → R + is a function from the set of edges to positive real numbers. We define a probability measure, called the Boltzmann measure µ with sample space the set of dimer covers. Namely, for a dimer cover D
where the product is over all edges present in D, and Z is a normalizing constant called the partition function for dimer models, defined to be
the sum over all dimer configurations of G.
If we change the weight function W by multiplying the edge weights of all edges incident to a single vertex v by the same constant, the probability measure defined above does not change. So we define two weight functions W, W ′ to be gauge equivalent if one can be obtained from the other by a sequence of such multiplications.
The key objects used to obtain explicit expressions for the dimer model are Kasteleyn matrices. They are weighted, oriented adjacency matrices of the graph G defined as follows. A clockwise-odd orientation of G is an orientation of the edges such that for each face (except the infinite face) an odd number of edges pointing along it when traversed clockwise. For a planar graph, such an orientation always exists [5] . The Kasteleyn matrix corresponding to such a graph is a |V (G)| × |V (G)| skew-symmetric matrix K defined by
It is known [4, 5, 15, 8] that for a planar graph with a clock-wise odd orientation, the partition function of dimers satisfies
Now let G be a Z 2 -periodic planar graph. Let G n be a quotient graph of G, as defined before. Let γ x,n (γ y,n ) be a path in the dual graph of G n winding once around the torus horizontally(vertically). Let E H (E V ) be the set of edges crossed by γ x (γ y ). We give a crossing orientation for the toroidal graph G n as follows. We orient all the edges of G n except for those in E H ∪ E V . This is possible since no other edges are crossing. Then we orient the edges of E H as if E V did not exist. Again this is possible since G − E V is planar. To complete the orientation, we also orient the edges of E V as if E H did not exist.
For θ, τ ∈ {0, 1}, let K θ,τ n be the Kasteleyn matrix K n in which the weights of edges in E H are multiplied by (−1) θ , and those in E V are multiplied by (−1) τ . It is proved in [15] that the partition function Z n of the graph G n is
.., e m = u m v m } be a subset of edges of G n . Kenyon [7] proved that the probability of these edges occurring in a dimer configuration of G n with respect to the Boltzmann measure P n is The asymptotic behavior of Z n when n is large is an interesting subject. One important concept is the partition function per fundamental domain, which is defined to be lim n→∞ 1 n 2 log Z n .
Let K 1 be a Kasteleyn matrix for the graph G 1 . Given any parameters z, w, we construct a matrix K(z, w) as follows. Let γ x,1 , γ y,1 be the paths introduced as above. Multiply K u,v by z if Pfaffian orientation on that edge is from u to v, otherwise multiply K u,v by 1 z , and similarly for w on γ y . Define the characteristic polynomial P (z, w) = det K(z, w). The spectral curve is defined to be the locus P (z, w) = 0.
Gauge equivalent dimer weights give the same spectral curve. That is because after Gauge transformation, the determinant multiplies by a nonzero constant, and the locus of P (z, w) does not change.
A formula for enlarging the fundamental domain is proved in [3, 8] . Let P n (z, w) be the characteristic polynomial of G n with period 1 × 1, and P 1 (z, w) be the characteristic polynomial of G 1 , then
Matchgates, Matchgrids
A matchgate Γ is a planar local graph including a set X of external vertices, i.e. vertices located along the boundary of the local graph. The external vertices are ordered anti-clockwise on the boundary. Γ is called an odd(even) matchgate if it has an odd(even) number of vertices.
The signature of the matchgate is a vector indexed by subsets of external vertices, {0, 1}
|X| . For a subset X 0 ⊂ X, the entry of the signature at X 0 is the partition function of dimer configurations on a subgraph of the matchgate. The subgraph is obtained from the matchgate by removing all the external vertices in X 0 . Example 2.2 (signature of a matchgate). Assume we have a matchgate with external vertices 1, 2, 3, and edge weights as illustrated in the following figure: 
A matchgrid M is a weighted planar graph consisting of a collection of matchgates and connecting edges. Each connecting edge has weight 1 and joins an external vertex of a matchgate with an external vertex of another matchgate, so that every external vertex is incident to exactly one connecting edge.
Generalized Holographic Reduction
In this section we introduce a generalized holographic algorithm to compute the partition function of the vertex model on a finite planar graph in terms of the partition function for perfect matchings on a matchgrid. The idea is using a matchgate to replace each vertex, and perform a change of basis, such that after the base change process, the signature of a vertex becomes the signature of the corresponding matchgate. We describe the algorithm in detail as follows.
For a finite graph G, we associate to each oriented edge e a 2-dimensional vector space V e . To the edge with the reversed orientation, the associated vector space is the dual space, i.e. V −e = V * e . Give a set basis {f 
that is, the representation of m v under bases B is the same as the representation of r v under bases F , then we have the following theorem:
Theorem 3.1. Under the above base change process, the partition function of the vertex model of G is equal to the partition function of the dimer model of M.
Proof. There is a natural mapping Φ from ⊗ v∈V W v to C induced by ⊗ e∈E φ e , where φ e is the natural pairing from V e ⊗ V * e to C. Note that in ⊗ v∈V W v , each V e and V −e appear exactly once. Since the representation of m v under bases B is the same as the representation of r v under bases F , we have
(5) follows from the fact that each φ e : V e ⊗ V * e → C is independent of bases as long as we choose the dual basis for the dual vector space. However, the left side of (5) is exactly the partition function of the dimer model of M, while the right side of (5) is exactly the partition function of the vertex model of G. . The base change matrix at vertex v, T v , acting on W v by multiplication, is defined to be T v = ⊗ {e|e is incident to v, and oriented away from v} T e .
In order for a vertex model problem to be reduced to dimer model problem, one sufficient condition is that at each vertex, the signature of the vertex model r v under the bases F is the same as the signature of the matchgate m v under the standard bases. Namely,
(6) follows directly from (3) and (4). 
After the base change, we have the standard loop signaturẽ
For instance, after the base change, the dimer configuration 001 with only c-edge occupied becomes
which is the configuration 110, the loop configuration with a-edge and b-edge occupied.
However, since the number of vertices in a matchgate is either even or odd, at a vertex of degree d, the signature of a matchgate must be a 2 d−1 dimensional subspace of C 2 d , with those 2 d−1 entries being 0. These are the entries correspond to the partition function of dimer configurations on a subgraph of the matchgate with an odd number of vertices, see example 2.1. This is the parity constraint. As a result, by dimension count we can see that it is not possible to use holographic algorithm to reduce all vertex models into dimer models. To characterize the special class of vertex models applicable to holographic reduction, we introduce the following definition. Remark. The above generalizes Valiant's algorithm [16] in the sense that our basis can be different from edge to edge. As a consequence, our approach results in an enlargement of the dimension of realizable submanifold, which will be shown in the next section.
Realizability
We are interested in periodic vertex models on the honeycomb lattice with period n × n. The quotient graph can be embedded on a torus T 2 = S 1 × S 1 . We classify all the edges into a-type, b-type and c-type according to their direction, and assume b-type and c-type edges have the same direction as the two basic homology cycles (1, 0) and (0, 1) of torus, respectively, see Figure 6 . permutations, we can move two even matchgates to adjacent positions. Then we permutate the basis on the connecting edge, we can decrease the number of even matchgates by 2. Since we have an even number of even matchgates in total, if we repeat the process, in the end, all matchgates will be odd.
Assumption 3.5. From now on, we make the following assumption:
• All entries of base change matrices are nonzero.
• All entries of the matchgate signature are nonzero.
Since the honeycomb lattice is a bipartite graph, we can color all the vertices in black and white such that black vertices are adjacent only to white vertices and vice versa. Assume vertex signatures at black and white vertices are as follows: where (i, j), 1 ≤ i ≤ n, 1 ≤ j ≤ n is the row and column index of white and black vertices. Assume 000 = 1, then entries of signatures are indexed from 1 to 8. Associate to an a-edge, b-edge and c-edge incident to a white or black vertices, a basis
where k = 1 for white vertices and k = 0 for black vertices. By the realizability equation (6), and the fact that all matchgates are odd, the 1st, 4th, 6th, 7th entries of the matchgate signatures m v are 0, so we have a system of 4 algebraic equations at each vertex v. For example, at each black vertex, we have
and the fact that the 1st entry of m i,j,0 is 0 gives the following equation n 01 n 02 n 03 y 1 + n 01 n 02 p 03 y 2 + n 01 p 02 n 03 y 3 + n 01 p 02 p 03 y 4 +p 01 n 02 n 03 y 5 + p 01 n 02 p 03 y 6 + p 01 p 02 n 03 y 7 + p 01 p 02 p 03 y 8 = 0
That the 4th, 6th, 7th entries of m i,j,0 are 0 give three other similar equations. Similarly at each white vertex, we have
the same process gives a system of 4 equations at the white vertex. , which can be solved explicitly.
where 
Since a 0m = a 1m and b 0m = b 1m , after clearing denominators and some reducing, for any (i, j), equations (11)- (14) are equivalent to
If we solve a 02 , a 12 , b 02 , b 12 explicitly, a similar process yields
We get two equations per edge, one involving the a-variables, the other involving the b-variables. But a-variables and b-variables are actually the same thing for each single edge. From equation (16) (11)- (14), we can solve a l,1 and b l,1 , the only constraint left will be a i,j l1 = b i,j l,1 , which is two polynomial equations with respect to relation signature at each a-edge. Together with Theorem 2 in appendix, we have the following theorem Theorem 3.6. Under assumption 3.5, the realizable signatures on the n × n periodic honeycomb lattice form a 14n 2 dimensional submanifold of the 16n 2 dimensional manifold of all positive signatures; the bipartite realizable signatures on the n×n periodic honeycomb lattice form a 12n 2 dimensional submanifold of the 16n 2 dimensional manifold of all positive signatures.
For the exact realizability condition, see the appendix. Under assumption 3.5, the weight {111} is non-vanishing at each matchgate. Since the probability measure will not change if all entries of the signature at one vertex are multiplied by a constant, we can assume at each matchgate, the weight of {111} is 1. Therefore, we have Theorem 3.7. A realizable vertex model on a finite hexagonal lattice G can always be transformed to dimers on M, a Fisher graph as shown in Figure 9 , with the partition function of the vertex model of G equal to the partition function of the dimer model of M, up to multiplication of a constant. It is possible to construct a matchgrid with different weights to produce the same vertex model. Since the holographic reduction is an invertible process, by which we mean that because the base change matrices are nonsingular, we can always achieve the matchgate signature from the vertex signature and vice versa, there is an equivalence relation on dimer models producing the same vertex model. Definition 3.8. A vertex model is holographically equivalent to a dimer model on a matchgrid, if it can be reduced to the dimer model on the matchgrid using the holographic algorithm, in such a way that partition function of the vertex model corresponds to perfect matchings of the matchgrid. Two matchgrids are holographically equivalent, if they are holographically equivalent to the same vertex model. Proposition 3.9. Holographically equivalent matchgrids give rise to gauge equivalent dimer models. Therefore, they have the same probability measure.
Proof. See the appendix. Consider a single vertex. To the incident edges of the vertex, associate an matrices U 1 , U 2 , U 3 . Without loss of generality, we can assume U 1 , U 2 , U 3 ∈ SO(2). In fact, if det U i = −1, we multiply the first row of U i by −1. The new signature of the matchgate will be multiplied by −1. This change does not violate the parity constraint.
Orthogonal Realizability
, each term of which is product of three of cos α i , sin α i . Moreover, the eigenvalues are e (±α 1 ±α 2 ±α 3 ) √ −1 . Using trigonometric identities, each entry is a linear combination of cos(±α 1 ± α 2 ± α 3 ) and sin(±α 1 ± α 2 ± α 3 ). If we further define
By (22), we have tan
Then the following theorem holds:
Theorem 3.11. A vertex model on a periodic honeycomb lattice with period n × n is orthogonally realizable if and only if its signatures satisfy the following system of
, and the same relation for z ij0 l and y 1 , ..., y 8 . x ′ s and y ′ s are defined by (7) and (8).
It is trivial to verify these equations in any given situation.
Definition 3.12.
A vertex model on a periodic honeycomb lattice with period n × n is positively orthogonally realizable if it is orthogonal realizable and for each vertex
Proposition 3.13. If a vertex model on a bi-periodic hexagonal lattice is orthogonally realizable, then the corresponding dimer configuration has positive edge weights.
Proof. Under the assumption that the vertex model have nonnegative signature, we have
at all vertices. Since at least three of z 1 , z 4 , z 6 , z 7 are nonnegative, similarly for z 2 , z 3 , z 5 , z 8 , if we take absolute value for all z i , the above inequalities also hold.
Under the assumption that both the vertex model are positively orthogonal realizable, the left side of the above inequalities are exactly edge weights of corresponding matchgates.
Theorem 3.14. If all matchgates have the same signature, for a generic choice of signature, a vertex model on a hexagonal lattice is realizable if and only if it is orthogonal realizable.
Proof. Obviously orthogonal realizability implies realizability, we only need to show that realizability implies orthogonal realizability. Assume r = x 1 x 2 x 3 x 4 x 5 x 6 x 7 x 8 is a realizable signature for the vertex model. By lemma 4.1, we can assume the corresponding bases on all edges have real entries. Consider the singular value decomposition for the base change matrix on each edge. Without loss of generality, assume
where
, and λ i is a nonnegative real number. Assume
)v to be signatures of black and white vertices that are orthogonal realizable. Then by the conditions of orthogonal realizability, we have 
Then for a generic choice of signature, we must have λ 1 = λ 2 = λ 3 = 1.
Characteristic Polynomial
Assume all entries of the vertex signatures are strictly positive. In this section we prove some interesting properties of the characteristic polynomial.
Lemma 4.1. For realizable vertex model with positive signature and period 1 × 1, there exists a realization of base change over GL 2 (R), (i. e. one can take base change matrices to be real), with the property that, at each edge, (11)- (14), we have
From which we derive
Since each base change matrix is invertible, we have a 0i = a 1i . Plugging (15) into (31)-(34), and factor out (a 02 − a 12 ), or (a 03 − a 13 ), we obtain that a 03 , a 13 are two roots of quadratic polynomial (x 6 y 5 + y 7 x 8 + y 1 x 2 + y 3 x 4 )z 2 + (−y 7 x 7 − y 3 x 3 + y 2 x 2 + y 4 x 4 + x 6 y 6 − x 5 y 5 + y 8 x 8 − y 1 x 1 )z −y 6 x 5 − x 3 y 4 − y 2 x 1 − x 7 y 8 = 0, and a 02 , a 12 are two roots of quadratic polynomial
Under the assumption that x i ,y j are positive, these polynomials have real roots, since the products of two roots are always negative. Then the lemma follows. By definition, the characteristic polynomial P (z, w) is the determinant of an 6 × 6 matrix K(z, w) whose rows and columns are indexed by the 6 vertices in a 1 × 1 fundamental domain, see Figure 8 :
and we consider the non-degenerate case, which means ac − b = 0, bc − a = 0, ab − c = 0. We have the following lemma: 
Proof. For generic choice of vertex signature, we can assume quotients of basis entries a ij = n ij p ij are finite. Apply the realizability equation (6) to a 1 × 1 quotient graph, we have 8 equations for each black vertex, and 8 equations for each white vertex. At each black vertex, 4 equations has 0 on the right side, and 4 equations with a 1 , b 1 , c 1 , d 1 on the right side. We divide the 8 equations into 4 groups, each of which has 1 equation with 0 on the right, 1 equation with a non-vanishing edge weight on the right. We take the difference of the two equations in each group, and we get 4 new equations with a non-vanishing edge weight on the right. We perform the same procedure for each white vertex. Then we multiply and add those equations correspondingly, we obtain
where the left side is the partition function of dimers of the 1 × 1 quotient graph, and the right side is the partition function of the vertex model, see Figure 10 . According to lemma 5.1, a 0k and a 1k are two real numbers with opposite sign. Without loss of generality, we can assume a 02 and a 03 are both positive. At the black vertices, the {000} entry of matchgate signature corresponds to partition functions of perfect matchings of the generator with all output vertices kept. Since there are odd number of vertices, no perfect matching exists, therefore The lemma follows from the assumption that entries of relation signatures are positive.
The expression of the characteristic polynomial shows that P (z, w) is a smooth function on T 2 = {(z, w)||z| = 1, |w| = 1}. We are interested in the intersection of spectral curve P (z, w) = 0 with unit torus T 2 , because it has implications on the convergence rate of correlations. Theorem 4.4 describes the behavior of P (z, w) on T 2 . Before stating the theorem, we mention an elementary lemma:
Theorem 4.4. Under assumption 3.4, either the spectral curve after holographic reduction is disjoint from T 2 , or intersects T 2 at a single real node, that is, for some (z 0 , w 0 ) = (±1, ±1),
Consider Q(θ, φ) as a trigonometric polynomial with respect to φ,
then g is a quadratic polynomial with respect to cos θ with discriminant
The minimal value of g(t) is attained at = 0, and Hessian[P (z, w)] is positive definite wherever a real intersection of P (z, w) = 0 and T 2 exists, then the theorem follows.
Local Statistics

Configuration at Single Vertex
We are interested in the probability of a specified configuration at a single vertex. Consider a realizable vertex model on a planar finite hexagonal lattice, whose partition function is S. Assume both the vertex with specified signature and its neighbors lie in the interior of the graph. We work out an explicit example here; other cases are very similar. If only the configuration {011} is allowed at a black vertex v, we get a new vertex model, assume partition function is S 001 . Then the probability that the local configuration {001} appear at v is P r({001}, v) = S 001 S .
Hence the local statistics problem reduces to the problem of how to compute S 001 efficiently. We will show that S 001 can also be computed by the dimer technique with the help of the holographic algorithm. Let us denote the adjacent vertices of v by v a , v b , v c , according to the direction of the connecting edges, as illustrated in Figure 11 . 
Here ⋆ means the entry at the position can be arbitrary. This is because we only allow the configuration {011} at v, therefore the only configurations which actually affect the partition function of the vertex model will be those who do not occupy the a-edge of v a , and occupy both the b-edge for v b and the c-edge for v c . We will split each of r a , r b , r c into 2 parts, namely, r l = r l (0) + r l (1), l = a, b, c, below. By definition, the partition function of the vertex model with signature r, r a , r b , r c is a sum of 8 terms, each of which is the partition function of a vertex model with signature r v , r a (i), r b (j), r c (k) i, j, k ∈ {0, 1}. That is,
For each S {rv,ra(i),r b (j),rc(k)} , we give new bases on edges adjacent to v, such that S {rv,ra(i),r b (j),rc(k)} become the partition function of certain local dimer configurations. Namely
where Notice that for any l ∈ {a, b, c}, m l (0) corresponds to configurations with an unoccupied l-edge; and m l (1) corresponds to configurations with an occupied l-edge. We are trying to determine the new base change matrices on incident edges of v, for each r v , r a (i), r b (j), r c (k), such that (36),(37), (38) are satisfied simultaneously.
Assume on the adjacent edges of v a , v b , v c we have original base change matrix
On an a-type edge adjacent to v, we consider 2 possible base change matrices On a c-type edge adjacent to v, we consider 2 possible base change matrices 
, and e {ijk} is the 8 dimensional vector with entry 1 at the position labeled by the binary sequence {ijk}, and 0 elsewhere. Obviously the choice of new base change matrices, namely, the position of zeros in the new base change matrices, results in the single configuration {ijk} at the matchgate corresponding to v. Now the problem is to determine the entries of the base change matrices satisfying the equations.
According to realizability conditions at vertices v a , v b , v c ,
For the original basis, we have the realizability condition as follows:
Substituting r a , r b , r c by (41) Therefore, we only need to choose the nonzero entries of the new base change matrices to be the same as the original ones. For the other seven configurations at vertex v, we can use the same method to achieve a similar result. By splitting each one of r a , r b , r c into 2 parts, we express the partition function of the satisfying assignments as the sum of 8 terms, each one of which is the partition function of the relations with signature r v , r a (i), r b (j), r c (k), i, j, k ∈ {0, 1}. We apply the holographic reduction to each part separately, and we derive that the partition function of the relations with signature r v , r a (i), r b (j), r c (k), i, j, k ∈ {0, 1} is equal to the partition function of the dimer configurations on the corresponding matchgrids with signature m v (i, j, k), m a (i), m b (j), m c (k), which corresponds to the local configuration {ijk}. This may not be a dimer configuration; to make it a dimer configuration, let us divide those 8 terms into two groups: one consists of all {i, j, k} satisfying i + j + k ≡ 0( mod 2), namely {000}, {011}, {101}, {110}; the other consists of all {i, j, k} satisfying i + j + k ≡ 1( mod 2). The sum of partition functions in the first group is equal to the partition function of dimer configurations in a matchgrid with weights illustrated in the left graph of Figure 11 , where t = w 000 w 011 +w 101 +w 110
; the sum of partition functions corresponding to {001}, {010}, {100}, {111} is equal to the partition function of dimer configurations in a matchgrid with weights as illustrated in the right graph of Figure  11 , up to a multiplication constant w 111 .
However, in the left graph we change the parity of the total number of vertices, as a result, there is no dimer. Therefore we have the following theorem 
Configuration at Finitely Many Vertices
We are interested in the probability that one specified configuration is allowed at each of the given finitely many vertices for a realizable vertex model on a hexagonal lattice. For simplicity, assume all of them are black. Let V b 0 be the set of all black vertices with specified configuration. To compute the probability, we first give a criterion to construct the new base change matrices on incident edges of V . As before, we are going to split the signature of each adjacent white vertex into several parts, and we apply the holographic reduction to each parts separately. Our expectation is that after the reduction process, each part will be equivalent to the partition function of a single local dimer configuration. The new base change matrix on each edge is chosen according to whether we want the edge to be present in the dimer configuration or not after the reduction. As before, all the non-vanishing entries of the new bases change matrices are equal to the original ones; we will see how it works below.
Consider 
are original base change matrices on the edges adjacent to w. According to the table, the presence of wb in the vertex model configuration implies two possible choices of the new basis on the horizontal edge, namely, Notice that the nonzero entries m w (1) have indices {001} and {010}, which corresponds to configurations without the a-edge present; the non-vanishing entries of m w (2) have indices {100} and {111}, which corresponds to configurations with the a-edge present. Choose
Then we can check
If D(w) = 2, we split r w = 
we can check as in D(w) = 2; that is, we have vertex-model signature {110} at w. Choose
For all the other local configurations, the same technique works, and we will have a similar result. Assume
wherer vq is the specified configuration at the vertex v q . The first equality follows from the definition of the partition function of satisfying assignments. When we compute the tensor product of relation signatures of all black (white) vertices, we get a vector of dimension 2 |E(G)| , where |E(G)| is the number of edges in the planar finite graph G. This vector can be indexed by binary sequences of length |E(G)|. Each binary sequence corresponds to a configuration, and the entry there is the product of weights of the local configurations obtained from the configuration restricted to each black (white) vertices. Obviously the inner product of the vector at black vertices and the vector at white vertices are exactly the partition function of the satisfying assignments. The second equality follows from the multi-linearity of the tensor product.
For each summand, we choose a basis on incident edges of vertices in V b 0 according to whether the edge is present in the dimer configuration and relation configuration, and keep the original bases on all the other edges. as described above. This is realizable because for each b ∈ V b 0 , whether its incident edges are occupied by dimers are completely determined in each part of the sum. In other words, each term on the right side of the second equality corresponds to an configuration on all the edges incident to vertices in V b 0 , which is a local dimer configuration at each odd matchgate corresponding to white vertices w's with D(w) = 3, To make them be dimer configurations at each black matchgate, we divide those configurations into groups according to the following criterion: two configurations are in the same group if and only if the parity of the number of occupied incident edges at each black vertex in V b 0 is the same. If zero or two incident edges are occupied, we construct an even matchgate with modified weights at the black vertex; if one or three incident edges are occupied, we construct an odd matchgate with modified weights. Notice that the modified weights depend only on the local configuration on the incident edges of the vertex. Since |V b 0 | = p, we have 2 p different constructions in total, but only 2 p−1 of them admit dimer cover, each of which has even number of even matchgates. Therefore we have 
Ising Model and Vertex Model
Consider the Ising model on a finite Kagome lattice, embedded into a torus, as illustrated in the following figure. Figure 14 . We define a vertex model on the honeycomb lattice with signature at all vertices as follows. 
This way the probability measure of the Ising model on the Kagome lattice is equivalent to the probability measure of the vertex model on the honeycomb lattice. It is trivial to check that this vertex model is orthogonally realizable.
Asymptotic Behavior
In this section, we prove the main theorems concerning the asymptotic behavior of realizable vertex models on the periodic hexagonal lattice, as stated in the introduction. Consider an infinite periodic graph G, with period 1 × 1, see Figure 9 . Our technique to deal with such a graph is to consider a graph G n with n 2 1×1 fundamental domains, embed G n into a torus, and consider the limit when n → ∞, see Page 5. Our first theorem is about the free energy of the infinite periodic hexagonal lattice.
Proof of Theorem 1.1 Assume M n is the corresponding matchgrid with respect to G n , and P n (z, w) is the characteristic polynomial. Obviously M n is also a quotient graph of a periodic infinite graph modulo a subgraph of Z 2 generated by (n, 0) and (0, n). The corresponding Kasteleyn matrices here are defined given the orientation of Figure 9 . For even n, the crossing orientation can be obtained from the orientation of Figure 9 by reversing all the z-edges and w-edges. By Theorem 3.6, M n is a Fisher graph, and the partition of the vertex model can be expressed as follows according to the principle of holographic reduction:
On the other hand, according to the formula of enlarging fundamental domains, 1 n 2 log max
By Theorem 4.4, either P (z, w) has no zeros on T 2 , or it has a single real node, in which case any sample point in max u,v∈{−1,1} 1 2n 2 z n =u w n =v log |P (z, w)| is at least C n from the real node, for some constant C > 0. Therefore
For each G n , a measure λ n is defined as in (1) . Assume at a fixed vertices v, we only allow configuration c v . Let µ n be the Boltzmann measure of dimer configurations on M n . LetM n be the matchgrid corresponding to the vertex model which only allows c v at v, as described in Theorem 5.1. Let m v be the matchgate ofM n , corresponding to v, and d j be a local dimer configuration at m v , w d j be product of weights of matchgate edges included in d j , and V d j be the set of external vertices of matchgates m v occupied by dimer configuration d j . In our graph, every matchgate has 3 external vertices. Our second theorem is about the asymptotic behavior of the measure λ n .
Proof of Theorem 1.2 According to Theorem 5.1
where the sum is over all local dimer configurations d j . Since the number of local configurations is finite, it suffices to consider lim n→∞
. Note thatM n differs from M n only on edge weights of
be the subgraph of M n by removing all vertices occupied by the configuration (d j ), as well as their incident edges. Then
First of all, let us assume P (z, w) has no zeros on T 2 . According to the formula of enlarging fundamental domains, for any (θ, τ ) ∈ {−1,
In [3, 8] , it was proved that given two vertices (u, x 1 , y 1 ) and (v, x 2 , y 2 )
Since P (z, w) has no zeros on T 2 , we have
−1 is convergent, so is the Pfaffian of a finite order sub-matrix (K
, and we have
If P (z, w) has a real node on T 2 , without loss of generality, we can assume the real node is (1, 1) . It was proved in [1] that if P (z, w) = 0 has a node at (1, 1), then for any fixed finite subset E
If we take E = V (d i,j , ..., d p,j ), our theorem follows. on all edges.
We define a discrete-time, time-homogeneous Markov chain M t with state space the set of all configurations of the 1-2 model. For an n × n honeycomb lattice embedded into a torus, the state space is finite, and let us denote it by {i k } K k=1 . Let Γ(i k ) be the set of configurations that can be obtained from configuration i k by adding or deleting a single edge. Assume p, q, r are edge variables, namely p, q, r ∈ {a, b, c}, and {p, q, r} = {a, b, c}. Define Γ p,+q (i k ) be the set of configurations of 1-2 model which can be obtained from i k by adding a single q-edge uv; before adding uv, only a p-edge is present at both u and v. Define Γ p,−q (i k ) be the set of configurations of 1-2 model which can be obtained from i k by deleting a single q-edge uv; after deleting uv, only a p-edge is present at both u and v.
Define entries of transition matrix for M t as follows:
Obviously, M t is aperiodic. For more information on Markov chain, see [11, 12] . Moreover, we have
Proof. By definition, we only need to prove that any two configurations communicate to each other. We claim that any two dimer configuration can obtained from each other by finite steps. In fact, the symmetric difference of any two dimer configurations is a union of finitely many loops. Obviously one dimer configuration can be obtained from any other dimer configuration by first adding finitely many edges to achieve their union, then deleting alternating edges of loops. Notice that we have a 1-2 configuration at each step. Hence we only need to prove that any configuration of 1-2 model can reach a dimer by finite steps, each of which is adding or deleting one single edge. Let us start with an arbitrary configuration of 1-2 model. There are 3 types of connected local configurations: loops with even number of edges; zigzag paths with odd number of edges; zigzag paths with even number of edges. For the first and second types, we can always achieve dimers by deleting alternating edges. Hence we can assume that all the zigzag paths with even number of edges are of length 2, and all the other connected local configurations are dimers. There are two types of length-2 paths. One has vertices black-white-black (BWB), and the other has vertices white-black-white (WBW). For each fixed configuration, the number of BWB paths is the same as the number of WBW paths; otherwise the complement graph cannot be covered by dimers. Consider an arbitrary WBW path in a fixed configuration, as illustrated in Figure 12 . One can easily check that no matter what the configuration is, it communicates with a configuration satisfying one of the following two conditions: 1. the number of length-2 edges is decreased by 2; 2. it can be moved to a WBW configurations containing B i , for all 1 ≤ i ≤ 6. Hence if the number of length-2 paths does not decrease, one can transverse all black vertices without meeting a BWB path, because our graph is finite. However, this is impossible because a BWB path always exists as long as a WBW path exists.
For an irreducible, aperiodic Markov chain M t with transition matrix P and stationary distribution π, let x 0 be an arbitrary initial distribution. Then
Therefore, in order to sample a configuration, we can approximately sample according to the distribution x 0 P N , with large N. To that end, first we choose a fixed dimer configuration with probability 1 as the initial distribution x 0 , then we randomly change the configuration by adding or deleting a single edge according to the conditional probability specified by the transition matrix P . If neither adding nor deleting u 1 u 2 ends up with a satisfying configuration, we just keep the previous configuration; else we get a new configuration by adding or deleting u 1 u 2 . Then we repeat the process for N steps. This way we get a sample for distribution x 0 P N , if N is sufficiently large, this is approximately a sample for distribution π, which is exactly the distribution given by 1-2 model. 
It is gauge equivalent to a positive-weight dimer model on Fisher graph, whose spectral curve does not intersect T 2 . We are interested in the probability that a {001} dimer occurs, that is, at a pair of adjacent vertices v 1 , v 2 connected by an a-edge, only the configuration {001} is allowed. By the technique described in section 5 and section 6, the partition function of the configurations in which a dimer is present at v 1 v 2 is equal to the sum of two partition functions, one corresponds to both v 1 and v 2 are replaced by an odd matchgate with signatures 0 − on all the other triangles, and Z is the partition function with weight 1 3 on all the triangles. Moreover
where Z ijk,ĩjk is the partition function of dimer configurations with fixed configuration ijk,ĩjk on triangles corresponding to v 1 and v 2 . The second equality follows from symmetry. Meanwhile 
The entries of the inverse matrix can be expressed as elliptic functions. The probability that a {001} dimer occurs is approximately 6%. A sample of the uniform 1-2 model is illustrated in Figure 16 . on all the other triangles. Z is the partition function with weights 
A Realizability Conditions
In this section we give explicit realizability conditions for periodic honeycomb lattice embedded on a n × n domain. Let us consider an arbitrary vertex x with adjacent vertices y, z, w. Assume relations have following signatures: Proof. Without loss of generality, we assume at each matchgate, the signature {111} is 0, and assume v is a black vertex. The {111} entry of the signature of a black vertex is 0 gives us To prove that probability measures of M andM are identical, we only need to prove that for any dimer configuration, the products of weights differ by the same constant factor. Each dimer configuration corresponds to a binary sequence of length N, where N = 3n 2 is the number of connecting edges. Choose an arbitrary edge with basis n 0 n 1 p 0 p 1 . If the edge is occupied, then from M toM , adjacent generator weight is divided by p 1 , while adjacent recognizer weight is multiplied by p 1 . If the edge is unoccupied, then from M toM, adjacent generator weight is divided by n 0 , while the adjacent recognizer weight is multiplied by n 0 . Therefore, the total effect is for any particular dimer configuration ̟
which is a constant independent of configuration ̟.
